Misconceptions in MathematicsMisconception 1

1: Rounding Numbers

Question: What is 14 489 to the nearest 10007

Misconception Correct
To obtain the answer, round to the The answer must be either 14 000 or
nearest 10, 100 and then 1000; thus: 15 000, and since
14 489 to the nearest 10 is 14 490, 14489 - 14000 = 489,
14 490 to the nearest 100 is 14 500, whilst

15000 - 14489 = 511,

clearly 14 489 is nearer to 14 000 than to
15 000.

Hence: the correct answer is 14 000.

14 500 to the nearest 1000 is 15 000.

Hence: the misconception leads to the
incorrect answer, 15 000.

Further Explanation

The correct explanation above, that 14 489 is nearer to 14 000 than to 15 000, is clear-cut;
but why is the 'misconceived' method wrong?

This is best illustrated by taking another example and putting it into context.

Two stations, A and B, are 500 metres apart:
A ! B

1 ! 1
0 100 200 '[ : 300 400 500
245

You stand between the stations, 245 m away from A and 255 m from B and you want to walk
to the nearest station. Naturally you turn left and walk 245 m.

But now imagine there are five trains parked between the stations, each train 100 m long, and
each divided into 4 carriages of equal length.

N FEEEE R EEE R e

0 100 300 400 500
Your position, 245 m away from A, is now 20 m along the second carriage of the third train,

and you decide to find your way to the nearest station by first asking which is the nearest
carriage-end(the one on the right, 250 metres from A).

Having moved there, you then seek the neamdtof the trainwhich (as, by convention, we
round mid-pointsup) is to the right at 300 metres from A. From there finally, you go to the
nearesstation and this time arrive at B.
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Clearly the result is wrong. Why?

Because when you want to find the neaséstion the questions about the neaiestiage-

endand the nearesfain endare irrelevant. Doing it this way might not matter in some cases,
but here it does. The unnecessary interim steps move you away from your starting point, and
here, in the wrong direction.

Another instructive point: this exercise provides an opportunity to distinguish between an
arbitrary convention (i.e. which way to go from the middle) and a reasoned choice (i.e. the
correct approach to round).

Follow-up Exercises

1. Round the following numbers to the nearest thousand:

(a) 12762
(b) 9456
(c) 493
(d) 1488

2. Round the following numbers to the nearest hundred:

(@) 749
(b) 1547
(c) 981
(d) 2748

3.  Round the following numbers to the nearest ten thousand:

(a) 14876
(b) 24998
(c) 278376
(d) 74669
Answers
(& 13000 (b) 9000 (c) O (d) 1000
(& 700 (b) 1500 (c) 1000 (d) 2700

(@) 10000 (b) 20000 (c) 280000 (d) 70000
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2: Multiplication can Increase or Decrease a Number

Question: Does multiplication always increase a number?

Misconception

Yes it does; take the number 8, for

example: certain conditions.
2%x8 =16 Multiplying any positive number by a
3x8 = 24 whole number greater than 1 will always
4x8 =32 increase its value — see the example
etc. opposite; but consider

Correct

No — it increases a number only under

1

In each it is getting larger, so, yes, > x 8 =4 ; here the number 8 is reduced.

multiplication clearly increases a

number. T
0 4 12 16 20 24 28 32
0 0 0 0
% x 8 2x8 3x8 4x8
- 1 >
numbers ‘ numbers
smaller larger
than 8 than 8

Further Explanation

So, multiplying carhave areducingeffect when multiplying a positive number by a fraction
which is less than one. But this can still be confusing. While we accept the above, the
concept of'a numbetimes8' continues to be perceived as an increase. How then can we

attach a meaning t(% x 8 so that this will be perceived as decreasing?

When multiplying by a whole positive number, e.ginfes5, we understand this as being
5 added over and over again, how ever ntangs— six times in this example. But this
interpretation oftimesdoes not quite work with fractions. If we dstw many timeghe
answer is'not quite once”

Again we need to put the tenmultiplyinginto a context with which we can identify, and
which will then make the situation meaningful.

We want to buy 30 roses which are sold in bunches of 5, so we askofdh&65-rose
bunches". In this way, the wortiimes also often meansf. If we try using the wordf

when times appears to have an unclear meaning, We;—gaﬁS rather than% times8.

Indeed we know What% of 8 means — namely 4.
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So, by usingof instead otimeswe are able to understand the concept of multiplying by a
fraction and how this can have a reducing effect when the fraction is smaller than 1.

This also helps us to understand how we multiply by a fraction, and why the method works:

the 4 which results from% x 8 (or % of 8) can be reached by dividing 8 by 2;

similarly, the 5 which results from% x 15 (or % of 15), (or a thirdof fifteen) can be

reated by dviding 15 by 3.

Generalising this result gives:

1 ) n
— x nisthe same as-
d d

Negative numbers

When your bank balance is +4 pounds kaue£4.

When your bank balance is —4 pounds goae£4.

Owingis the opposite dfiaving so we find that we can associate the concept of 'minus'
with '(the) opposite (of) This also works in reverse.

Thus, (-4) x8 means 6wing£4, eight times over" or "owing £32" which +£32.

Now -32 is smaller than 8, so we have illustrated another case whatiplyinghas a
reducingeffect, i.e. when multiplying by a negative number.

Note that, using the method shown above, it follows thak 8 = -8, and vice versa.
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Follow-up Exercises

1. Calculate:
@ 1x6 (b)) 2x6  (c) %xe d ixe
2. Calculate:
1 1 1
a) =x12 b) =x20 (] = x18
@ 5 (b) © 3
3.  Are the following statements:
sometimes false
always true and always false
sometimes true
(@) Multiplication of a positive number by a number greater than 1 always increases
the number.
(b) Multiplication of a positive number by a positive number between 0 and 1 always
increases the number.
(c) Multtiplication of a negative number by a positive number always increases the first number.
Answers
1. (@ 6 (b) 12 (c) 3 (dy 2
11—t
0 123 45[6 7 8 9 101112131415
0 0 0
1.6 1x 6 2%6
3
0
1‘ X 6
2
2. (@ 3 (b) 4 (c) 6
3. (a) Always true

(b) Always false, as multiplication of a positive number by a number between 0
and 1 will always reduce the number. (e%;.x 12 =6, % x12 =4, etc.)

(c) Sometimes false and sometimes true; e.g. for the number2 = §;8) = -16,
so the number is decreased, whereas the number increases in the example below:
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3: Multiplying Decimals

Question What is 0.1x0.1?

Misconception Correct
As 1x1=1 The answer is 0.01 as you are multiplying
then b mparison 1 b 1
en by compariso 10 y 0
0.1x0.1=0.1 which means
1 1
— X —,
10 10
This has valueloi0 or 0.01 as a decimal.

Further Explanation

Consider the simplest case as discussed above

0.1x0.1

0.1 is the same asl— (atenth), so0.1x 0.1 is the same asl— timesi.
10 10 10
But what does this mean?

When we point at boxes containing 6 eggs each and s&#ytli8se boxes please”, we walk
out with 18 eggs, that istBnes 6.

The meaning ofimescan be therefore be interchanged with

Hencei tirn&ei can be seen ame tenth of one tentikhich is one hundredth erl— or 0.01
10 10 100

To summarise:

01x01 = %tim&s% = one tenth of one tentkr one hundredth
= 1 = 0.01
100
So 0.1x0.1 = 0.01
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Misconception 3
Generalization

The method that we have used for this simple case can be generalised to multiplying any two
decimal numbers together. For example, what is the valut@21 x 0.067?

We know how to multiply 54321 x 6, but how do we cope with the decimal points in
54.321 x 0.06 ?

The rule is:

* first perform the multiplication as if there were no decimal points in it,
giving here the number 325 926

« then count how many digits are behind (to the right of) the decimal point in both numbers,
in this case 5 (3 + 2)

* insert the decimal point that many digits from the right to give the correct answer, in this
case, move 5 places from the right to give 3.25926

To understand why the rule works we look at its individual component partsbegtito tackle
this by applying the principal of finding something similar which we can cope with, and then
working out the difference between this and the case in hand.

Applying this method, we multiply first the numbers ignoring the decimal point, then
examine the effect of having the decimal points as originally given.

(Remember that a number without a decimal point is the same as that number with a decimal
point to its right, e.g139 = 139.0)

Moving a decimal point one place to the left amountivamling by 10, e.g. 13.9 is the same

as%:. (Similarly, moving the point to the right is the samenadtiplying by 10.)

Moving it again to the left means dividing by 10 again. So, having moved the point 2 places
to the left amounts to dividing by 100. Moving it 3 places to the left amounts to dividing by
1000, and so on.

Note:What happens if one needs to move the point more positions than there are digits?

For example, if we have the result 76 from the first stage of multiplying 0.19 by 0.04; we

now need to put the decimal point 4 positions from the right of 76? To do this we simply
add zeros on the left of the number, as many as are needed. So for moving 4 positions to the
left in 76, we first write it as 00076 and then move along the decimal point 4 positions from
the left to get the answer 0.0076.
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Returning to our example of multiplying 54.321 by 0.06, we used 54 321 instead of 54.321,
which meant that the number that was 1000 times bigger than the given number, which
consequently made the answer 1000 times too big. Further, we continued by using 6 instead
of 0.06, a number 100 times bigger than was given, thus making the result yet another 100
times bigger. To bring the result back to what it should have been, we must divide the
number 325 926 by 1000 and again by 100 — or doing it in one go, dividing by 100 000

(1000 x 100).

Referring back to our rule, dividing by 100 000 (5 zeros) is the same as moving the point 5
places from the right (remember this 5 came from the 3 digits to the right of the decimal
point in 54.321 which were initially ignored and the 2 digits to the right of the decimal point
in 0.06).

Follow-up Exercises

1. Calculate
(@) 0.1x0.2 (b) 0.2x0.2 (c) 02x0.3
(d) 05x05 (e) 0.8x0.2 (f) 06x0.9

2 Calculate
(@) 0.01x0.1 (b) 0.02x0.3 (c) 0.04x0.6
(d) 0.8x0.05 (e) 0.01x0.01 () 0.05x0.07

3. Calculate

(@ 12x23 (b) 8.35x1.2 (c) 247x04
(d) 15x15 (e) 345x27 (H 54.3x0.04
Answers
1. (@ 0.02 (b) 0.04 (c) 0.06
(d) 0.25 (e) 0.16 (H 0.54

2. (@ 0.001 (b) 0.006 () 0.024

(d) 0.04 (e) 0.0001 () 0.0035
3. (a) 2.76 (b) 10.02 c) 9.88
d) 2.25 e) 9315  (f) 2.172
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4: Decimals and their Equivalent Fractions

Question What is the equivalent fraction for the decimal 4.422

Misconception Correct

The common misconception here is that You can express the decimal as
decimals and fractions are different types 4422
of numbers. 4 and (the fractloni— oras—— 1000
. . . These are fraction equivalents.
Hence there is no equivalent fraction for

this or any other decimal.

=y

These can be simplified by dividing bot

numerator and denominator by 2 to give
4422 = &11 4£
500 500

Further Explanation

The method above shows how to obtain an equivalent fraction from a decimal. It is even
easier to find the decimal equivalent of a fraction. All you have to do is to use division.

So, for example, the decimal equivalent of the frac%o'm 0.25 a4..00 divided by 4will give

this result. Similarly the fractio% can be expressed as a decimal by dividing 3 by 5 to obtain 0.6

A similar way of achieving this is to find an equivalent fraction that has either 10 or 100 or
1000 etc. as the denominator. In this way we can determine the fraction equivalent from the
resulting numerator. For example,

3_3%x2_6

5 5x2 10
and so the decimal equivalent is 0.6.

Similarly for more complicated fractions suchz:i)’s. We can find its decimal equivalent by
multiplying both numerator and denominator by 25. This gives

3 _3x25 _ 75
40 40x25 1000
and so the decimal equivalent is 0.075
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If you are still feeling confused about equivalent decimals and fractions, then think of a
number line in which all numbers are represented. A small part of such a number line is
shown below with numbers showndecimalsabove the line anfilactions below the line

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1.0

| | | | | |
‘ T 1 T T \

o L 2010 3 40 DEQE A EL 3 1
0 O 20 100 10

2010 3 2 EL§ 7 8040
100 50 10 10U 50100 5010 10U 50
: 1 1

You can readily see, for example,th@ = c and0.5= >

Note: What happens when the fraction cannot be expressed as an equivalent fraction with a
numerator of 10 or 100 or 1000 etc.?

An example of this is the fractioé . You can though divide 1.0000000......... by 3
to give 0.33333.......... This is calledezurring decimal, and is often denoted by putting a
dot on top of the number (or numbers) that repeat. So we can write

1-03

3

There are many other fractions that give rise to recurring decimals, often with a group of
digits that repeat. For example

% = 0.14285714285714....... = 0.142857

Follow-up Exercises

1. What are the equivalent fractions for the decimals given below?
(@ 0.4 (b) 0.6 () 0.12 (d) 0.25 (e) 0.125
f 1.75 (9) 3.24 (h) 21.25
() 5.875 () 4.55

2. What are the equivalent decimals for the fractions given below?

3 3 4 7 9
@ 1 (b) 20 (c) 5 (d) 5 (e) 0

23 57 23 . 223 . 3
() 20 9 200 (h) 500 (i) o5 () 200

3.  What are recurring decimals for these fractions:

© 2 @2 @ ©

2
(@) 3 (b) 5 11

~N| D
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Answers
1. (a)
(h)
2 €)
®
3. (@
(e)

2 3 3

— b — C —

c (b) = (c) >

8 . 47 . 91
JR— I JR— JR—

4 ® 8 W 20
0.75 (b) 0.15

1.15 (@) 0.285
0.666....... (b) 0.1666.....
0.57142857142857.............

(d)

Misconceptions in Mathematicdvlisconception 4

1 1 7 81
- e fy f — —_
. @ 0 5 ©
0.8 (d) 0.28 (e) 0.225
0.046 () 892 (f) 0.0075
0.272727...... (d) 0.5555.......
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5: Dividing Whole Numbers by Fractions

Question What is the value 0f3+%?

Misconception

The value o13+%1 is equivalent t@3+ 4

and hence has valt% or 0.75

Similarly 5+% IS equivalent tdb+ 2 and

hence has value 2.5 2%

Correct

The division 3+%1 means how man%

are there in the number 3. Clearly there
4 quarters in 1 and hen8e& 4(=12) in 3.

803*1

r— =12
4

Further Explanation

are

We must learn NEVER to be influenced by what things look like: the meaning of dividing by
2, dividing by 5, etc. is clear: the concept of dividing by a quarter is, however, less
straightforward and requires more thought.

Think of 3+ % as 'the number o%f's that fit into 3.

There are 4 quartersin 1, so in 3 there @re 4 quarters in 3 as can be seen in the diagram

below.
1 1 1
i1
4 4
1] 1
4 4
So 3+E (or§) = 3x4=12
4
n
Generally n+—==nxm or | —=nxm
m ()

Hence, for example5+% =5x2=10.
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Misconception 5

There is another way to approach this tagkcally which we will demonstrate witl6 + §

Use the problem solving method — 'if you are having difficulties, find something similar
which you know you CAN do and work out the difference between this and the problem given'.

The difficult part here iglividing by a fraction

Start with something similar which is straightforward: just divide the 6 t%g Now

continue by examining the effect of the difference between what we did and what was given
(using clearer terminology to refer to division, i.e. dividdween).

We divided the 6 by 3 instead of by the giv:;er(which is, of course, less than 3).

When a cake is divided between a certain number of people, each gets a certain portion. Dividing
it betweerfewer peopleesults in each one receiving a larger portion. How much larger? If itis
divided between, say, 5 times fewer people, each portions would become 5 times larger.

We arrived at 2 by dividing the 6 by 3. \Wkouldhave divided by something that is 5 times

smaller than the 3, (b%), so, the result should be 5 timager than theg. Thus we

deduce that our6 + g must meang x5 (=10). Generalising,

aéEDrED: EXCD: = ax—
CE)%E b ~O b bU

Yet another way of determining is to forget about the unclear meaninglviding by a
4

fraction and to do whatever yields a result which doesn't contradict other things that are
already established.

Whatever we mean byE, we already know that its resultmust be such that x k will be

equal top. i.e. in

~lo

=r, r mustbe suchthat x k = p, (e.g.% Is17 becaust’ x 11 =187).

Following this for % , we simply seek a result which gives 3 when multiplied %?/ a
Z

The question then becomesvhat times a quarter is 3?6r using a familiar rephrasinta
quarter of what is 3?"(The answer is of course 12.) In summary

to determine the value pin = r, find which value of satisfiesr x % =3

INNGN)
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Follow-up Exercises

1. Calculate the value of:
1 L1
(@) 4+3 (b) 3+ ©
1 L1
() 4+3 M 5+ (@)
2.  Calculate the value of:
2 .3
(@) 4+ (b) 3+ ©
.3 .2
(e) 6+ (M 1+5 (@)
Answers
1.
2. (a10 (b) 4 (c) 15 (é§ (e) 10

Misconceptions in Mathematics: Misconception 5

1

6+ (d)
1

20+ (h)
2

10+2 (d)
5

7o (h)

10+

gl

ol

20+

ol s

@8 ()9 (24 (d)50 ()12 () 20 (g)100 (h) 36

® @2

(h) 25
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6. Adding with Negative Numbers

Question: What is the value of-8 +67?

Misconception Correct
There are several possible misconceptions The correct answer is2 as this sum
including results from adding positive 6 to
negative 8, as can be seen from the
—8+6=2 number line below.
and | . . . . . L

—|10 —|—8 -6 -4 -2 0 +2 +4 +6
-8+6=-14 +6

Startingat negative 8 and adding 6
you get the answer negative 2.

Hence-8+6=-2

Further Explanation

With mathematics, everything is logical; there is no "guessing" and no "maybe"”, only logical
reasoning.

We associate thminussign withopposite(as ingive andtake).
For example,
-8 meangaking away8, while (+)6 meangiving 6
So -8+6 translates to
taking away8 andgiving back6
which is equivalent teaking awayonly 2
But taking away 2 is what is meant bg. That is why -8+ 6 = -2.

You can argue in a similar way, or do the calculation on a number line, to show that, for
example,

6-8=-2 and -6-8=-14

Note that the order of giving/taking does not matter.
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Follow-up Exercises
You might find the number line below helpful when making or checking your calculations.
1. Complete the following:
(@ -5+3= (b)y -7+2= (c) -9+8=
(d -4+4= (e) -3+8= D (f) -5+9=
2.  Calculate these values:
@ 9-7 (b) 3-5 (c) -4-3
(d 5-8 (e) -5-8 H 4-9
3.  Calculate the value of each of these expressions:

() a+b (i) a-b (i) -a+b (v) -a-b

when
(@ a=4 andb=5
and
(b) a=-4 andb=3
Answers

1. @ -2 () -5 @ -1 (@d 0 (e 5 (f 4
2. @ 2 (B -2 (¢ -7 (d -3 () -13( -5

3. (@ 9,-1,1and-9 (b) -1,-7,7and 1l
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7. Calculations with Negative Numbers

Question: What is the value that satisfies—4+?=-107

Misconception Correct
There are several possible misconceptians The correct answBeras this satisfies
including the sum4 + (—6) = —10. It can be shown
on a number line as given below.
?=6
: : : : : : : : oo
and -10 8 6 -4 -2 0 +2 +4 +6
2-14 +(=6)
Startingat negative 4nd adding negative 6
or even you get the answer negative 10.
?=-14

Hence-4+(-6) = -10

Further Explanation

As with the previous misconception (number 6), it is important to realise that there is no
guessing, no doubts but straightforward logic. Here we can associate the nosamingy
when the quantity is positive aogvingif it negative.

Also, as before, we associate thaussign withopposite
In this example,
| start by owing 4 (i.e. the-4")

What is this '+?' that must have happened if | ended up 'owing 10" ?
(i.e. the =10"

Anotherdebtof 6 must have been added to my plight
We write 'adding a debt of 6' a$(-6)"
Soin -4+?=-10 the ? must be-6

This is equivalent to the use of a number line as shown above; it does not matter which way
you argue as long as you get the logic correct!
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Follow-up Exercises

You might find a number line helpful when making or checking your calculations.

1. Complete the following:

(@ -5-3= (b) -7-2= ©)

(d) -4-4= (e) -3-8= (f)
2. Complete these calculations:

@ -5+ | =-9 b -3+ | =-7 (0

d -8+ | =-6 € -4+ | =-1 ()

3.  Calculate the value of each of these expressions:

() a+b (i) a-b (i) -a+b (v) -a-b
when
(@ a=-3and b=-7
and
(b) a=5and b=-6
Answers
1. @ -8 (b) -9 (c) -17 (d) -8 (e) -11 () ~-14
2. (@ -4 (B -4 (¢ -3 (d 2 (€ 3 (H 4
3. (a -10,4,-4and 10 (b) -1,11,-11and1
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8: Calculations with Hundreds and Thousands

Question: What is the value of 2000 x 3007

Misconception Correct
There are several possible common As
incorrect answers including 2x3=6
and
60 000 1000 x 100 = 100000
or then
2000 x 300 = 600000
6 000 000

Further Explanation

As before there is only one answer and it is completely logical! We will build on previous
knowledge to get the answer; you know, for example, that

10x10=100

10 x 100 =1000

10 x 1000 =10000
10 x 10000 =100000

and so on. Hence it is easy to see that

100 x 1000 =10 x 10 x 1000 =10 x 10000 = 100000

and similarly
1000 x 100 = 100000

We can use this result, but we first note that we can write 2000 and 300 as

2000 =2 x1000 and 300 =3x100

This gives
2000 x 300 = (2 x 1000) % (3 x100)
=2x1000x 3x100

and, as the order of multiplication does not matter, we can rewrite this as

2000 x 300 = 2 x 3x 1000 x 100
= (2 x 3) x (1000 x 100)
= 6x100000
= 600000
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Follow-up Exercises

1. Calculate:

(a) 100x10 (b) 100 x100 (c) 1000x10

(d) 1000 x 100 (e) 1000x1000 () 100 x10000

2. Calculate:

(a) 20x20 (b) 2040 (c) 30x40

(d) 50x20 (e) 60x60 () 100 x 30

3. Calculate:

(a) 200 x 30 (b) 500 x 20 (c) 200 x 300
(d) 400x 300 (e) 500 x 500 (f) 1000 x 40
(g) 2000 x30 (h) 200x4000 () 300 x 4000

() 2000 x 4000 (k) 50x 40000 (I) 3000 x 7000

Answers
1. (a) 1000 (b) 10000 (c) 10000
(d) 100000 (e) 1000000 (f) 1000000

2. (a) 400 (b) 800 (c) 1200
(d) 1000 (e) 3600 () 3000

3. (a) 6000 (b) 10000 (c) 60000
(d) 120000 (e) 250000 (f) 40000

(g) 60000 (n) 800000 (i) 1200000

() 8000000 (k) 2000000 () 21000000
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9. 06+0.05=7?

Asin previous examples, sart with something familiar that we can do (by long divison),
namely

g,whichisl.Z

Then, examine the effect of the differences between what we did (g ) and what we

should have done:

0.6
0.05

(8 Firdly, we divided a6, but here we must divide something 10 times smdler (0.6),
therefore the resulting answer will be 10 times smdler.

(b) Next, the effect of 5 instead of 0.05: we divided between 5 receivers, but now we
must divide between fewer receivers, so the resulting portions will, of course, be gregter.
How many times greater?

We now use 0.05, which is 100 times smdller than the 5 we used previoudy: i.e. we now
divide the cake between 100 times fewer 'receivers than previoudy, so the resulting
portionswill be 100 timeslarger.

Taking the effects of (a) and (b) together:
the 1.2 was made 10 times smaller, and then 100 times gresater:
net effect: 10 times grester (than 1.2).

So, % =12. (We have obtained this result by using logic, not rules).
Alternative method:

The problem arose from dividing by afraction, 0.05. So, remove this obstacle by
replacing the fraction by amanagesble 5. This makes the divider 100 times greater. But
we must not change the result! So, dividing between 100 times more receivers, we need
100 times more of what we are dividing (the 0.6), that is, we need 100x0.6 which is 60.

So, the task of % becomes % , Which, again, is 12.

S0, 0.6 cakes divided up between 0.05 people means that they each receive 12 cakes
apiece— or dothey 2. 1 wouldn’t mind adice of that !
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10. Are Y of 6, 0.50f6 and 50% of 6 equal or not?

0.1 isone tenth. Thisis because the route from 0 to 1 goes through 0.1, 0.2, 0.3, €fc. i.e,
10 steps. Each such step (each 0.1 increment) istherefore 1 tenth (of one).

0.5 isreached after 5 such steps, namey hafway up the 10 sepswhich led to 1.
- 1
Thisiswhy 05 = E

Therefore, for instance, 0.5 of 6 = Y2 of 6.
Note also:
%of 6is3 (usudly...)

050f6 is 05x6 (‘times - of equivdence), and 0.5x 6 (by long
mutiplication) isalso 3.

Now, 50% ?

It helpsif you consider the percentage sign, %, as a misprint, with the correct version as
/00. Thisisto remind yourself that it means ‘divided by 100' .

It is then obvious that 50% is nothing more than %

50% is best visualised as dividing 50 (cakes) between 100 (children). Each, then gets one
haf (+2) (acake). Thatiswhy 50% = 1/2 and 50% of 6 isindeed equa to %2 of 6.

300
(

Note also: 50%of 6 is % x 6. Doing the multiplication first: 100 :3),the9meas

1 of 6.
2

Now oneyard is 36 inches and so,
25% of oneyard = 9 inches
and taking square roots of both sides gives,

5% of oneyard = 3 inches.
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That'sright isn't it ? Or would you like it in metric:

1 metre = 100 cm <o that,
1
— of onemetre=25cm
and taking square roots of both sdes gives,
— of one metre = 5cm.

What’swrong ?
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11: What is < of 1?
3 3

We now know that % of () % is %x (of = ‘times)

1
3

The rule for multiplying fractionsis

a,c a'c

b d b d

11

3°3

But where does this rule come from?

which means that 1xl
3 3

Ol

Let us goply this rule using the example of the cake:
Think of apiecethat isonethird (%) of the cake, i.e. which fitsinto the whole cake 3 times. Now

visudize adice which is one third of the above piece. Clearly thiswill fit 9 times into the whole cake,

e itis = of the coke. Thisgiceis = of — . the sameas ~x~.
9 373 373

& 19, asintherule given aove.

whichisthesameas ¢——
e3 3g

So we have established why % x% =

|

Had we started with afifth (%)of the cake, and then taken a dice one third of that fifth, clearly 15
such dices would have fitted into the whole cake, i.e. this dice would be one 15th of the cake (which

we can write as i , because the 15, of course, came from the 3 x 5.

So we have established that EXEZM:l (again asintherule).
3 5 35 15

Now, had we started with é of seven cakes (rather than of 1), i.e. g , and then went on, as before,

taking one third of the this, then the find piece would have been 7 times bigger (than the
1 1 7)
3 5)’ Y35-

above
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Misconceptionsin Mathematics: Misconception 11

Findly, for the 'sub-division' of the cake, had we taken two thirds (% ), rather than one third, the result

2° 7
would be yet another 2 times bigger, i.e. 3 5

So, we have shown why éx%zs,—;,thusshowing where the generd rule
a.c_a’c
—" —=—— comesfrom
b d “d
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2
:E ? :E? or what?

The problem is the same as you encounter when doing the sum
1 footbal player + 1 football team.
How many isit, and how many of what?
What we can do is caculate, say,
5footbdl players+3 football players or 2 teams+ 4 teams,

namely, add things of the sametype. So let us see if we can convert the first sum above to
something where we add things of the same type. We could do so by replacing the type
‘team’ with the type 'player’. But thisis not just about changing words —we mudt retain
the given contents (that is, the meaning of the word 'team' as a certain number of football-
players). Because we know that 1 team means 11 players, we can rewrite the above

1 player + 1 football team as amanagesble task, namdly:

1 player + 11 players (12 players)
Note that doing it the other way round, i.e. replacing 'player’ by ‘team' would be less
convenient:
1 playeris 1—11 of ateam, so converting the whole thing into teams would give

1—11 team + 1team :1111 teams (the same as 12 players, but less nest).

If the referee plays for the other team — and he dways does - thenthey are a 11_11 team!

Now we apply the same method to % + % one hdf + one quarter.  Either halves or

quarters —

which is more convenient? Should we state how many quarters equa one hdf or vice
versa? The

former, of course: 1 half is2 quarters.

o, the% becomes 2° % e % and the above task becom&s§+%,meaning

2 quarters + 1 quarter = 3 quarters, i.e. g
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In the above sum, 1 half + 1 quarter, the different types were associated with the different
denominators (dividers), so the problem was solved by atransformation that led to
identica denominators. Let us now do thisfor the more general case:

2 + % (where we have more than one of each type, namdly: 2 thirdsand 5

3
twelfths).

Again, we want the same denominators under both, either 3 or 12. Which shdl we
choose? We must remember that the values of the fractions must remain unchanged, so, if
we change the denominator, we must so change the numerator (the divided). If we
choose the 3 as the common denominator, we must change the 12 in the second term into
a3, that is, make the denominator 4 times smaller. To keep the vaue of the fraction
unchanged, we must then aso make the 5 on top (the numerator) 4 times smdler,
resulting in 5/4 as the numerator. Thisisinconvenient because it creates another fraction
abovethedividing line.

Instead, we can choose the second denominator, the 12, as the common one. We leave the

% asit isand change the first denominator, the 3, to 12. Thiswe do by increasing the 3,

by multiplying it by 4. Then, to protect the vaue of this fraction, we must aso make the
numerator (the 2) 4 times bigger, this time giving a managesble whole number, 8. Note
that this resulted from choosing the larger of the two denominators as the common one.

And s0, the above é + % now becomes % + % , 8 twdfths +5 twdfths =13 twelfths, i.e.

13
12

But what about 2 +27
3 4

To get thefirst (smdler) denominator (the 3) to be the same as the second denominator 4,
the 3 has to be multiplied by 1.33..., and the same must then be done to the 2 aboveit,
which resultsin amessy 2.66...! So we now need acommon denominator which is
neither 3 nor 4. In principle, we could choose anything to put equdly at the bottom of
both fractions. The only problem is that we need to adjust the numerators (to keep the
vaues of the given fractions unchanged) and as we found, we may only do thisby
multiplying the numerators by whole numbers. Form this follows that the denominators,
too, can be changed only by multiplying by whole numbers.

The task becomes. By what whole number do we multiply the 3 (the denominator), and
by what (different) whole number do we multiply the 4 (the other denominator) so thet in
both cases we get the same result (namely, the same common, denominator)? The nice
trick for thisisto multiply the first denominator (3) by the second denominator (4) and
the second denominator (4) by the first (3) ! (dways, of course, multiplying the
numerator by the same as the denominator).
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So thisis what was done:

2°4 53 . 8 15 8+15 23

——+——, whichequds —+— = —— = —

374 473 12 12 12 12
Generdizing

n m nNb ma n b+m a

—+ — + = -~

a b a b b a a' b

A wedlthy merchant Ieft his three sons 17 camels— the oldest was to get one hdlf of
them, the next son one third and the youngest son to get one ninth. How many did they
each get ? Left to themsalves they’ d have been il arguing about it, so wisdly they went
to an uncle who worked like this. First he lent them acamd so they had 18 camesin dl.
Then,

lx18 =9; 1x18 =6 and 1x18 =2

2 3 9
this accounted for 9+6+2=17 camels and that meant the uncle could reclaim the one he

had lent! Butwhatisl,i and 1 of 17?2
23 9
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13: 900000+300=?7 30+100=7

Write 900,000 + 300 as 900000

. We are used to seeing the divided — often called the

numerator - above the fraction line and the divider (or denominator) below the fraction
line. We can write 900 000 as 9x 100 000 and 300 as 3 x 100.

9" 100000
37100

The task then looks like

Let usfirst consder % which equals 3.

We should have divided something 100 000 time bigger than 9, making the result 100
000 times bigger. We should dso have divided by something 100 times bigger than 3,
making the result 100 times smdler. What results from making something 100 000 times
bigger and then 100 times smaler? Y ou can think of the latter as 10 times smaller and
then 10 times smdler again, each time knocking one O off the 100 000, leaving 1000 as
the net "adjustment’ to the 3.

900000 _ 3000

In the same way, 2_m isjust% because thereisthe same m -fold increase as the m-fold
m

decrease.

Note that this does not work with, for example, o

whichis 2, not 3).

M (Try taking m = 3 which gives =2
3+m 6

In the case of 30 + 100, (i.e. 30 %), again we Start with % and then make it ten times

bigger (because the divided is 30, not 3) and one hundred times smaller (because the
divider is 100, not 1). The net adjustment is 10 times smdler than the 3, namdy 0.3

Remember: The correct vaue of afraction can dso dways be found by long divison.
Try working out as decimals what these are;

126
777

v
What happens, and why didn't we ask for 7 ?
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1
14: Is 5 =0.87? (or 0.08) ?

The usud mistake hereisto be influenced by the ‘looks' . There is absolutely no reason
why % should be equa to 0.8. But then again, there's no reason why it shouldn’t either.
Thefactisit justisn't.

Infact, 0.8 isreached by 8 sepsof 0.1 each, and thus means ‘8 tenths

. .1 8
e 8 —or —.
10 10
Dividing one cake between 8 people (é) has little to do with dividing 8 cakes between

10 people 8
peop (10)

| think I"d rather be one of the 10 people with 8 cakes, than the 8 people with 1 cake.

And by theway, isthere any digit d for which di =0.d can betrue?
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15: 420+ 0.7 =607

The problem here gems fromthe 0.7. With just a7 it would be straightforward, so do thisfirgt:
420 _
7

However, in the divison we should have used 0.7 - anumber smdler than the 7 we used, in fact, 10
times smaler. So the results should have been 10 times bigger, namely 600.

If you divide by abigger number the result issmadler, and if you divide by a smdler number the result is
bigger.

6
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I?

16:

Wk

1
79—

Wl

Firstly, whetever the resuit of dividing % by % it cannot be% | Theonly way you can divide a

number and end up where you started, isto divide by one. If, instead of dividing by 1, which would
leave the number unchanged, we divide by something 9 times smdler than 1, namey % , the result

becomes 9 times bigger. (Dividing between fewer mouths yields larger portions.)

Dividing % by % would mekethe% 9 times bigger,
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Misconceptionsin Mathematics: Misconception 17

1 1
17: Is 5+_ = ? (because it looks right?)

b a+b

1
We know that the right hand sde, a+h’ cannot be equd to the left hand side, 1 + % , because,
a

from Misconception 12, we know that

n . m_n b+m’ a

a b a b
The l+% here is like the example above, with 1sin place of then and m, 0 it equals
a
1" b+1 a
a b
thet is
b+a
a b’

whichis nathing like —— 1
a+b

We could deduce that ™ cannot equd 1 + % by thinking of what things mean. Start with L
a+ a a
Changing thisinto
1
at+b

means increasng the divider, thus making the result smdler than 1 ;
a

On the other hand,
1 1
4+ =

isbigger than

cannot be equa to 1+1 .
at+b a b
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Misconceptionsin Mathematics: Misconception 18

18: Might 1.25 be greater than 1.47?

- maybe, because 125 is bigger than 14?
- or even, because 25 is bigger than 4 ?

Where adigit is pogtioned is crucidly important to how much it contributes to the
number.

Thefurther to the Ieft adigit lies, the grester its weight.
Consider 2111 and 1999.

Each of these numbers has the same number of digits. 2111 is the larger number because
initsleftmost postion it hasa 2, whereas 1999 hasa 1 in that position (and so the
contribution of dl the 9'sto theright of the 1 in 1999 do not help to *overcome' the 1'sin
2111).

The same holds behind the point:

in1.25 theleftmost position behind the pointis2; 1.4 hasthe digit 4 in that
position, so, (with the same number to the left of the point in both cases), 1.4 is
greater than 1.25.

The digit in the leftmost position (behind the point) counts the tenths while the next
position to its right counts the hundredths. One tenth (1, being the smalest non-zero

digit) is dways greater than nine hundredths (the largest digit is 9).
So 1.3ishigger than 1.29, or even 1.29880789...
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19: Is axaxa=3a? Isa*=za" 3

3
Or, should we guess what ?. is?
In mathematics, each symbol, (eg. a” 3, 3a, a®) hasauniquey defined meaning. a” 3 hasbeen
arbitrarily chosen as shorthand for a + a+ a. It cannot mean anything else!
a® has been, equaly arbitrarily, chosen as shorthand for a”~ a” a. It means precisdy this.

3" aisshorthand for 3a, but note thet the omission of the ™ sign is possible only between a number
and aletter (and only in that order). Omitting it from any other combination would lead to something
different from a product, eg. 33isnot 3" 3; aa or a3 meansasngle varigble consisting of two
symbols each.

Always condder the (unique!) meaning of the maths you write.
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20: 2.3x10=2.307? 20.37?

Everything in mathematicsis done for areason — most of the time. But don't expect
teachersto obey sy ruleslike this— they are drictly for the likes of you.

23" 10 =230 pecause 23 means 20 + 3, and the 10 multiplies everything in the 23, i.e.
both the 20 and the 3, gives 200 (10x 20) and 30 (10x3) i.e. 230.

Itisthe samewith 2-3" 10: 2.3 means 2+ 0.3 Here, too, the 10 multiplies both the 2
andthe 0.3, giving 20 (10x2) and 3 (10x 0.3), namdly, 23.

So if you want to estimate a multiplication there are many waysto do it. Here are some
‘guesstimates for 28x49:

28x49=28x(50- 1)=28x50-28x1=14x100-28=1400-28=1372
28x49=(30- 2)x49=30x49- 2x49=3x490-98=1372

or even
28x49» 30x50» 1500 (» gtandsfor ‘gpproximately).

Can you easly see whether the accurate answer islarger or smaller than the 15007
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21: Definite Way to Deal with Probability

Toss two coins —what is the probability of getting a head and a tail?

Firdly, beware of intuition. Often, intuition not only failsto give the right answer, it suggestsa
wrong answer!

The Method:

Make acomprehengive list of dl the possible outcomes, and count them, (cal thissum ‘t’ -for
‘totd’)

Next, count only the outcomes which fit the specification of what you want to find the probakility of,
(cdl thiscount ‘s -for 'specified).

S
The required probability is ? (but note : thisistrue only if each of the possble outcomesis equdly

likely.)
For the above case, the complete list of the 4 possible outcomesis.
HH
HT*
TH*
TT
There are 2 fitting the 'one head, onetall’ specification and are marked *.
Thus the probahility is % (=1/2).

Note:

If, instead of tossing two coins together, one coin istossed twice, the probability isthe same. (Each
possible outcome here refers to a possible combination of outcomes of the 1st and 2nd throw.)
However, in this case, if the specification were '1st toss T, 2nd toss H', there is only one such
possibility. so its probability is

1

Z.
(‘Probability’ of ‘1" means ' certainty’. One of lifeé sfew certaintiesis that a text on probability would
contain an example involving dice...),

So:
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What is the probability that throwing a pair of dice will yield two 3s?
As before, you can lig dl the possible outcome combinations. There are many, so it iseasier to think.

One dice can give 6 different numbers. For each of these, the other dice has 6 possihilities. In totdl,
6" 6 possible outcomesexist (t =36).

Only one of theseisapair of 3s (or any other equd pair, of course).

So the probahility is % (deduced by mathematica reasoning, and not by intuition!).

Findly, we will look at the example of the Nationd Lottery. Thisisasmple way of illustrating how
untrustworthy intuition is.

Would you be likdly to fill inthe numbers 1, 2, 3, 4, 5, 6 on alottery line?

Look at it from a bal-bubbling-machine's point of view. Evenif it could exercise preference, it doesn't
even know what iswritten on the balls. So, any combination of outcomesis, inevitably, equaly
(un)likely to occur.

(The only difference that choosing 1, 2, 3, 4, 5, 6 makes, isthat, if you win with these numbers, it will
make bigger headlines.).

Quite how weird probability can sometimes be is easy to demongtrate. Think about a piece of string,
and choosing two points on it and cutting the string there. What is the probability that the pieces of
string can make up as the Sdes of atriangle. It depends.

If you choose one point firdt, and cut the string; and then randomly choose another point in one of the
two pieces of string (and which piece is chosen isitsdf random), then the probability is

1

4
However, if you choose your points at the same time and cut the string , the probability is
1

6.

Strange but true.
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22: How to write (A"' B)2 without the ( )

The explanation consists of two short and simple stages:
) 3cats+ 4 cats=7 cats.
The 7 came from (3+4), so we can write:
3cas+ 4 cats=(3+4) cats
We don’t need the whole cat, ‘C’ will do:
3C +4C =(3+4) C (3C isthesameas 3xC)
Thisworks just as well with any pair of numbers, say, 'n' and 'p' (instead of the 3 & 4), so:
NxC +pxC =(n+tp) x C
Reversing the order, and using different letters:
Cx(a+h)=Cxa+Cxb
The‘x’ are sometimes omitted or replaced by adot, i.e.
Clatb)=C@+Cb

Always remember that C(a+b) isthe sameas (at+b)C. Thisisone of the most common and
fundamental toolsin Algebra, and now we know where it comes from.

(ii) K2 isshorthand for K « K. This notation works with anything, even with %= , namely

2=t x e
And what is good for %=, is good for (A+B):

(A+B)* =(A+B)x(A+B).
How do we rewrite (A+ B)x(A+ B) without the ( )’s? We know what to do if, in place of the
1st (A+B) we had asingle symbol, like the C in stage (i), so let us replace, temporarily, the 1st
(A+B) with some single symbol, %= say:

%% x (A+B), whichweknow is 5% x A +%% x B
Now, return the 1st (A+B) for the “:

(A+B)xA+ (A+ B)x B
Here we now have two of these exercisesasin (i): AxA+ BxA+ AxB+ BxB
This can be written as:
A’ + 2AB + B2

S0,

(A+B)? = A% + 2AB + B?(al thanksto the =)
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